Abstract. We discuss a fundamental reform of the way discrete mathematics is taught at Mälardalen University. The background to this reform was a complete revision of the goals of the course, which now focus on skills rather than subject matter.
Introduction
Mathematics education has become a public issue in Sweden. In January 2003, the Swedish government appointed a commission on mathematics education, the one-year mission of which is to suggest measures for changing attitudes and increase general interest in mathematics, as well as for developing the educational practice in the entire school system. It is the increasing problems of teaching mathematics to the beginners at the university level that lies behind the public concern. The teaching of university mathematics in Sweden is in general very traditional, the main ingredients being lectures on theory and problem-solving sessions, and at the end of a course a written examination cons isting of five to twelve problems to be solved in, usually, five hours. The passing rate is low; if 75 percent pass the examination it is considered a very good result, and we have plenty of courses with hundreds of students where less than 25 percent pass.
Clearly some changes must be done, but which changes? Today it is generally acknowledged that what teachers assess is what students will value as important (Steen, 1999; Ross, 1999) . Hence, the way examination is done should be in accordance with the overall goals of the course, which means that a good idea might be to start by reconsidering those goals. Many people have given a lot of thought to the goals of undergraduate mathematics education (Frantz, 1999; Niss, 2001 ). However, standard practice is not necessarily in line with these thoughts.
Forestalling the commission, in this paper we will briefly discuss how goals of mathematics courses in Sweden are usually formulated and what hidden agenda there is. We will then describe how we completely rewrote the goals of our course in discrete mathematics, what the implications were for our style of teaching and assessment, and our experience from this reform.
DiMa is taught to students of computer science and electronics, as one of four courses to be taken during the second semester of the first year. It is the second mathematics course these students take, but it does not build on the first course, which is Calculus.
The students have very varying mathematical skills when they start the program. In addition to the inescapable personal variations in talent, interest and previous efforts in mathematics, there are two more factors contributing to the inhomogeneity. First, secondary school in Sweden offers a progressive sequence of mathematics courses (called A, B, C, D and E), and students can be admitted to university studies both at C-, D-and E-level. Second, there is a large age variation, with many students coming directly from secondary school but also a large group having up to ten years or more of work experience in-between.
When the work reported here began, the authors had been responsible for the DiMa course for two years, during which the passing rate had been around 60 percent.
Goals of a course in discrete mathematics
Every course given at a Swedish university must have a formally adopted planning document describing the goals and contents of the course. The goals for DiMa were formulated as follows when the course was created in the mid-nineties:
This course aims at introducing concepts, methods and problems from elementary algebra and computer science, and preparing for later studies in mathematics, computer science and natural sciences. This is probably a typical example of how such goals are usually written: not very clearly (e.g., in what sense does the course prepare for later studies in the disciplines mentioned?), and with the course, not the student, as the principal agent. It is obvious that not much effort has gone into formulating these goals, and therefore it is not surprising that course reforms are seldom motivated from considerations about how best to reach the goals formally set for the course. Instead, there is a tacit understanding that the goal of the course is to teach students how to solve the kind of problems appearing on the final written exam, which out of fairness should be of about the same type and difficulty each time.
When we set out to change the DiMa course, we started by thinking about what a mathematics course at this level actually ought to aim at, and arrived at two main conclusions. First, it is somewhat pointless to focus only on what material is presented in the course; rather, it is the personal development of the students that ought to be of interest. Second, knowledge of concepts, methods and problems is only a part of the skills that ought to be trained; there is more than that to mathematics (e.g., understanding, modelling, and reasoning), and there is more than mathematics to personal development. Here is the final formulation of the goals that we settled at:
This We would like to point out three things: First, the aim is for each student to develop her mathematical skills, regardless of her level when entering the course. This seems to be more efficient than the idea of the course presenting one fixed collection of stuff. In the latter model, those who already know quite a bit do not get to learn as much as they could, while those with insufficient entry qualifications are set up to fail because they cannot catch up despite their best efforts.
Second, the six areas mentioned are about general mathematical skills that could be applied to any mathematical field. We think that all these skills need to be trained, in which case they will support each other. From the way exams usually look, it seems clear to us that unreasonable weight has been given to problem solving (of very specific problem types) and computation (by hand). Neither of these skills give the student as much satisfaction as she can gain by conceptual understanding and conducting her own reasoning, nor are they of such practical use as modelling. Frantz (1999) gives a list of goals, resembling our list above, for a capstone course to be taught for senior students. We embrace the idea that this kind of more diverse training is appropriate already in the introductory courses.
Third, we believe that it is generally expected of university educated people to be able to think critically, communicate clearly and fluently, and work efficiently both in groups and on their own. These very general skills do not seem suitable to be dealt with only in some isolated and especially dedicated courses in communication or critical thinking (although such courses can be very valuable too). Rather, their training should be integrated in every university course, even in mathematics. According to Niss (2001) , this kind of more farreaching goals for mathematics education has often been official policy since a century or more. Nevertheless, they still seem to be pretty much news at the classroom level in Sweden.
Assessment
When we had formulated the above-mentioned goals of the course, we did not think the traditional mode of assessment appropriate. In order to find further guidance in our choice of methods of assessment we adopted the following "course philosophy"
Each student shall take active part in the planning and design of her own course experience. Each student shall use the course as a means to develop and learn as much as possible to the best of her own abilities. The assessment procedures shall be a part of the learning process and support all goals of the course.
We see this philosophy as the teacher's analogy to the students' "class mission statement" of Clay (1999), and we will try to incorporate such student statements in the future. The last sentence is directly in line with the recommendations of Steen (1999) .
The above philosophy called for us to develop a huge amount of examination tasks, so that on the one hand there is freedom of choice both regarding difficulty and theme at every step, on the other hand training is achieved in the entire variety of skills discussed earlier. The scheme we adopted consists of the five parts described below.
Part 1: Ninety exercises from the book. Each student must work through at least ten exercises (of her own choice) from each of the nine chapters of the textbook. The student marks which of the exercises she has chosen. On the oral exam, she must be able to answer questions on any of these exercises.
Part 2: Weekly tasks. For each of the chapters, the students are given some special tasks. They are of six different kinds, emphasizing problem solving, modelling, arguing, reading comprehension, concepts and computational skills respectively. The students work in groups of approximately four persons. Each group must solve one task for each chapter, and during the course cover all the different kinds. When they feel they are done with a task, they trade solutions with another group who have solved another task. The groups then stud y what the other group has done and comment about whether they can understand it, and if so, whether they deem it to be correct. Based on this feedback, the groups then modify their solutions. At this point they call the teacher, who sit down with the two groups, and discuss both the solutions and the comments. If the solutions are of unacceptable quality (which sometimes is the case, in particular in the beginning of the course) they are returned for improvement. This pairing of groups is based on the same idea as the pairing of individuals in the "Think, Pair, Share" scheme of Roberts (1999) .
Part 3: Individual project. In the fourth week of the course, the students choose a subject for an essay. There are seven different subjects to choose from, and besides a student can invent a subject of her own (not many do). Students who co-operate when doing the weekly tasks must choose different subjects. One week later, the essays are handed in. The teacher checks the essays against a list of criteria (known to the students). The essays are graded according to how many criteria they satisfy; a certain subset must be satisfied for an essay to pass, otherwise it is returned for improvement. This way of assessing project reports is similar in spirit to the procedure of Emenaker (1999) . Our basic criteria were:
The report is signed with name and date, has a length of at most three pages (excluding figures and appendices), contains at least one figure, describes a nontrivial problem and presents a basically correct solution in a mathematically acceptable style, using at least two different concepts from the course.
Higher grades are given on the basis of the following criteria:
The presentation is crystal clear. The report includes some mathematical modelling. The content is perfectly correct. The report is well-written and a joy to read. The problem is analysed in several nontrivial aspects.
About half the students have to modify their essays, to fix things that they have forgotten.
Part 4: Group project.
A larger project, carried out by the same groups that work with the weekly tasks, runs during the second half of the course. We offer a selection of nine suggested projects, and a group may also invent their own project. For all projects, the underlying assumption is that the group has started a consultant firm, Discrete Models Inc, and has found a potential client in some business (like bio-tech, environment protection, freight, game industry, etc.). This is to be a demo project in order to show the competence of their firm. The point of this assumption is to train students in writing for other readers than their teachers (the most unlikely readers in their future careers). To pass, the report must satisfy the following criteria:
The Part 5: Oral exam. The course ends with an individual oral examination. To pass this exam, the student must answer questions on her chosen ninety exercises from the book, her individual project and the project of her group. The obvious purpose of these questions is to establish that the student knows her own work, so that she does not hand in material done by somebody else. Desired side effects are to force some repetition of the material to enhance learning and to train verbal discussions of mathematics. Besides, it gives the students trying for higher grades some time to calm down.
For a higher grade on the oral exam, the student must give a five-minute presentation of one chapter of her own choice. For the highest grade, she must be able to answer questions on the whole textbook.
Grading. The individual project, the group project, and the oral exam all contribute equally to the final grade. This is in line with the recommendation of Hagelgans et al (1995) on the percentage of the total grade to be earned in group work.
A new book
Finding a suitable book has been a stumble stone in every mathematics course at our university where non-traditional teaching has been tried. Lots of books exist, but not many aimed at our kind of students, nor at our kind of course. The problems with most books on the market are that they are written in English; they presume that you use the traditional lecturebased teaching; they are written for more mathematically mature students than the ones we have; they do not stress the modelling aspect at all, but present concepts as if they were mainly interesting in their own right; and they do not make much use of the readers' knowledge of other things in life. We wrote our own book with the intention of solving these problems (Eriksson and Gavel, 2002) . In the end, the book actually turned out more similar to other books on the market than we expected from the beginning, but at any rate it is customtailored to our course and our teaching.
Teaching
About 150 students at a time take this course. Every week there is a two-hour lecture for the entire class, and four hours of lessons in five groups of 30 students in each. Every lecture starts by a quiz on the chapter to be treated. The quiz consists of five questions, and for each question three alternative answers are presented. The students in the auditorium are encouraged to converse with their neighbours for a couple of minutes before giving their answers by raising hands at the alternative they believe correct. Then the teacher discusses the concepts involved and evaluates the three alternative ans wers. The point of the quiz is to encourage reading in the book beforehand, as well as to stimulate discussions.
During the lessons, the students are supposed to work in groups at their weekly tasks and then present their solutions to other groups, as described above. The teacher's role is to help them and examine the tasks. There is also a little bit of problem solving at the blackboard, showing models of mathematical writing. Students who volunteer at demonstrating problems get some extra points, which may have a positive effect on their final grade.
Most groups work together also outside of class, as we expect them to do. For ideas on how to build such an esprit de corps (as well as how to handle groups that do not work well together) we refer to the book by Hagelgans et al (1999) , which we have found very helpful.
Findings and success factors
The passing rate is now close to 90 percent, compared to around 60 percent before the reform, with the same teachers. We think that the increased passing rate mirrors improved student competence, but it seems difficult to provide hard evidence since the new version of the course focus on different skills than before. Just letting the students write an old exam paper will not give much information (although it might be interesting to try, just the same).
Questionnaires to students show that the untraditional goals of the course are widely accepted.
The students perceive the course content as relevant. They think that the scheme of various examination tasks is good and that the overall demands on students during the course is on the right level.
But did we meet the new goals that we had established? The answer varies with different goals and different students, but on the whole we think we did. Students seem to catch on to the distinction between different mathematical skills (computational skills, conceptual understanding, etc.). The criteria for project reports, and the unsentimental way with which they were applied, open many eyes and minds for the need of a self-critical attitude to writing and explaining mathematics. Particularly successful was the training in oral discussion of mathematics when groups explained their weekly tasks to each other; there was a lovely buzz in the classroom.
We have found the following factors important for success.
1. Both the individual project and the group project should, in addition to the written report, be discussed in groups in the same manner as the weekly tasks. In this way there is a quality check before the report is given to the teacher, and the projects are given even more of the attention they deserve; they should be the climaxes of the course.
2. A fictitious example of a good individual project report must be available, in order to minimise the number of students who don't understand the expected standards.
3. Most of our students have never met an oral exam before, and might become either overly nervous or lax. It is important to build a reputation of the oral exam as being a positive and non-terrifying experience for anyone who comes prepared, as well as strict in the sense that if you cannot answer for your own work, then you most definitely will not pass.
the weekly tasks only to the professor. These students have then not been able to write their project reports properly; they have been worse at this than below-average students who have taken part in the group activities.
"The assessment cycle begins with goals" (Steen, 1999) . Our general conclusion is that goalbased reform (first reform the goals, then reform teaching and assessment) is indeed a practicable way for developing the practice of mathematics education.
Group project: Optimal driving! You have just started the consultant firm Discrete models inc., and you have found a potential client in the freight business. In order to convince the client of your competency, you want to present a demo -project related to her business. For example, a possible rationalisation in this business would be to decrease the number of miles that the drivers must cover. Ideas you might consider:
• Model the business area of the freight company by a graph whose vertices are ten major cities in Sweden and edges are drawn between cities that have a direct road connection. Label each edge by the number of miles of the corresponding road, as well as by the time that it takes to drive between the cities. (Certain roads allow a higher speed than others.)
• Find a minimal spanning tree for each measure. Discuss what significance these trees might have for the freight company.
• Find an eulerian circuit, if there is one. Explain why it is not meaningful to speak about minimal eulerian circuits (as in minimal spanning trees). Discuss what significance the eulerian circuit might have for the freight company.
• Try to determine a minimal hamiltonian cycle if there is one, and otherwise a minimal circuit visiting all cities (possibly several times). Discuss difficulties and possibilities in solving this optimisation problem, with and without computer. Discuss what significance the hamiltonian cycle (or minimal circuit) might have for the freight company.
• In predicate logic, formulate a few statements about the graph that might be of interest to the freight company. Decide for each statement if it is true in your graph.
• Make a simple model of how road networks arise (for example, that between any pair of cities, there is a probability of one third that a road is constructed). Given your model, estimate the probability that the particular road network of your example would arise. Discuss whether the freight company should consider itself lucky or unlucky that the road network looks the way it does. Discuss the relevance of your assumptions.
